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Abstract
In this paper we analyse the Bagger-Lambert-Gustavsson (BLG)
theory in N = 1 superspace. Furthermore, we will construct the BRST
transformations for this theory. These BRST transformations will be
integrated out to obtain the finite field dependent version of BRST
(FFBRST) transformations. We will also analyse the effect of the
FFBRST transformations on the effective action. We will thus show
that the FFBRST transformations can be used to relate generating
functionals of the BLG theory in two different gauges.
1 Introduction
Bagger-Lambert-Gustavsson (BLG) theory is thought to be the dual bound-
ary gauge theory to a 11-dimensional supergravity theory living on AdS4 ×
S7. It is thus a superconformal field theory with N = 8 supersymmetry
and its gauge group is SO(4). This theory has been constructed using Lie
3-algebra [1, 2, 3, 4, 5]. It has been analysed in N = 1 superspace formalism
[6, 7]. By complexifying the matter fields, the BLG theory can also be writ-
ten as a Chern-Simons-matter theory with the gauge group SU(2)× SU(2)
generated by ordinary Lie algebra. One of the gauge groups is associated
with Chern-Simons level, k and the other, with −k [8]. BLG theory only
represents two M2-branes, and it has not been possible to express more
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than two M2-branes using the BLG theory. However, inspired by BLG
theory Aharony-Bergman-Jafferis-Maldacena (ABJM) theory has been con-
structed, and this theory represents N M2-branes [10, 11]. The gauge sym-
metry in the ABJM theory is generated by an ordinary Lie algebra and the
gauge group of this theory is U(N)× U(N). This theory only has manifest
N = 6 supersymmetry, which is expected to get enhanced to N = 8 su-
persymmetry from a variety of mechanisms [12]. In this paper we will only
analyse the BLG theory using Lie 3-algebra, as it is more difficult to write
the FFBRST transformations for the ABJM theory.
It may be noted that as the BLG theory has gauge symmetry, it cannot
be quantized without getting rid of these unphysical degrees of freedom.
This can be done by fixing a gauge. The gauge fixing condition can be
incorporated at a quantum level by adding ghost and gauge fixing terms
to the original classical Lagrangian. It is known that for a gauge theory
the new effective Lagrangian constructed as the sum of the original classical
Lagrangian with the gauge fixing and the ghost terms, is invariant a new
set of transformations called the BRST transformations [13, 14]. BRST
symmetry has also been studied in non-linear gauges [15, 16]. In these
gauges quadratic ghost interactions are introduced and the effective theory
is invariant under a larger algebra called the Nakanishi-Ojima algebra [17].
In fact, BRST symmetry for ABJM theory has also been studied [8]. The
BRST symmetry can be used to project out the sub-space of physical states
from the total Hilbert space. It has been demonstrated that the nilpotency
of these transformations is crucial for the unitarity of the S-matrix in the
M -theory [8]. Even though the BRST symmetry of the ABJM theory has
been studied, so far the BRST symmetry of based on a Lie 3-algebra has
not been studied. It would be interesting to analyse the BRST symmetry
directly based on Lie 3-algebra because this structure has been used to study
the action for M5-branes [18]. In this proposal the BLG action with Nambu-
Poisson 3-bracket has been identified with the M5-brane action with a large
worldvolume three form field. In this paper we analyse the infinitesimal
BRST symmetry for the BLG theory.
The infinitesimal global BRST transformations can be integrated out
to obtain the FFBRST transformations [19]. Various applications of these
FFBRST transformations have been studied [19, 20, 21, 22, 23, 24, 25, 26].
A correct prescription for the poles in the gauge field propagators in non-
covariant gauges has been derived by connecting effective theories in co-
variant gauges to the theories in noncovariant gauges by using FFBRST
transformation [27]. The divergent energy integrals in the Coulomb gauge
have also been regularized by modifying the time like propagator by using
FFBRST transformation [28]. The Gribov-Zwanziger theory [29, 30], which
is free from Gribov copies and plays a crucial role in the non-perturbative
infrared regime while it can be neglected in the perturbative ultraviolet
regime, has also been related to a theory with Gribov copies i.e. Yang-Mills
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theory in Euclidean space through FFBRST transformation [31, 32]. In this
paper we will also analyse the FFBRST for the BLG theory and show how
it can be used to relate the BLG theory in two different gauges.
2 BLG Theory
In this section, first of all we review the construction of BLG theory inN = 1
superspace. To do that we first start from reviewing the basic properties
of a Lie 3-algebra. A Lie 3-algebra A is a vector space with basis TA,
a = 1, . . . ,dimA, endowed with a trilinear antisymmetric product [9],
[TA, TB , TC ] = fABCD T
D. (1)
The algebra is accompanied by an inner product, hAB = Tr(TATB), with
which indices may be raised and lowered. The structure constants of the
algebra are required to be totally anti-symmetric, fABCD = f [ABCD] and
satisfy the the fundamental identity, f [ABCGf
D]EG
H = 0. It is also useful
to define CAB,CDEF = f
AB[C
[E δ
D]
F ] [9]. These are antisymmetric in the pair of
indices AB and CD and satisfy
C
AB,CD
EF C
GH,EF
KL + C
GH,AB
EF C
CD,EF
KL + C
CD,GH
EF C
AB,GH
KL = 0. (2)
The classical Lagrangian density for the BLG theory in this superspace
formalism is given by, Lc = LM+LCS , where LCS is the Lagrangian densities
for the Chern-Simons theory and LM is the Lagrangian density for the mat-
ter fields. Now, the non-Abelian Chern-Simons theory on this superspace
can now be written as
Lc =
k
4π
∫
d2 θ Tr[fABCDΓaABΩaCD], (3)
where k is an integer and
ΩABa = ωaAB −
1
6
C
CD,EF
AB Γ
b
CDΓabEF (4)
ωABa =
1
2
DbDaΓABb −
i
2
C
CD,EF
AB Γ
b
CDDbΓaEF
−
1
6
C
CD,EF
AB C
LM,NP
EF Γ
b
CDΓbLMΓaNP , (5)
ΓABab = −
i
2
[
D(aΓABb) − iC
CD,EF
AB ΓaCDΓbEF
]
, (6)
here Da is given by Da = ∂a + (γ
µ∂µ)
b
aθb. The Lagrangian density for the
matter fields is given by
LM =
1
4
∫
d2 θ Tr
[
∇aXI†∇aXI + V
]
, (7)
3
where the covariant derivatives are given by ∇aX
AI = DaX
AI + iΓABa X
I
B ,
and the potential term given by V = fABCDǫ
IJǫKL[XAI X
B†
K X
C
J Y
D†
L ]. The
infinitesimal gauge transformations for these fields are written as,
δXIA = i(ΛXI)A, δXIA† = −i(XIA†Λ)A,
δΓAa = (∇aΛ)
A. (8)
The Lagrangian for the BLG theory is invariant under these gauge transfor-
mations, δLBLG = 0, where δLBLG = δLkcs(Γ)− δL˜−kcs(Γ˜) + δLM . All the
degree’s of freedom in the Lagrangian density for this BLG theory are not
physical because it is invariant under gauge transformations. So, we have to
fix a gauge before doing any calculations. This can be done by choosing the
following gauge fixing conditions, G = 0, where G = DaΓa. These gauge
fixing conditions can be incorporate at the quantum level by adding the
following gauge fixing term to the original Lagrangian density,
Lgf =
∫
d2 θ
[
fABCDbABD
aΓaCD +
α
2
fABCDbABbCD
]
. (9)
The ghost term corresponding to this gauge fixing term can be written as
Lgh =
∫
d2 θ
[
fABCDcABD
a∇acCD
]
. (10)
3 BRST Symmetry
The total Lagrangian density obtained by addition of the original classical
Lagrangian density, the gauge fixing term and the ghost term can be used
to construct the effective action for the BLG theory as,
SBLG =
∫
d3x[Lc + Lgf + Lgh]. (11)
This effective action is used to define the generating functional for the BLG
theory as
Z =
∫
DΓDcDc¯Db eiSBLG . (12)
The total Lagrangian density given in Eq. (11) is invariant under the fol-
lowing infinitesimal BRST transformations,
sΓABa = [∇ac]
AB , s cAB = −
1
2
C
CD,EF
AB cCDcEF ,
s cAB = bAB , s bAB = 0,
sXIA = icABXIB , sX
IA† = −iXI†B c
AB , (13)
where BRST parameter is global, infinitesimal and anticommuting in na-
ture.
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Now, to check the nilpotency of such transformations we have
s2bAB = 0,
s2 cAB = s bAB = 0,
s2 cAB = −s
1
2
C
CD,EF
AB cCDcEF
=
1
4
C
CD,EF
AB C
LM,PT
CD cLMcPT cEF
−
1
4
C
CD,EF
AB C
LM,PT
EF cCDcLMcPT = 0,
s2 ΓABa = sDacAB + sC
CD,EF
AB ΓCDacEF
= Da[cAB + C
CD,EF
AB ΓCDacEF ]
+CCD,EFAB [DacCD +C
PQ,RS
CD ΓPQacRS ]cEF
−C
CD,EF
AB ΓCDaDacEF
−C
CD,EF
AB C
PQ,RS
EF ΓCDaΓaPQcRS = 0,
s2XIA = is cABX
IB
= −
i
2
C
CD,EF
AB cCDcEFX
I
B
−icABc
BEXIE = 0,
s2X
I†
A = −isX
IB†cAB
=
i
2
C
CD,EF
AB X
I†
B cCDcEF
+iXI†E c
BEcAB = 0, (14)
Thus, these BRST transformations are nilpotent, s2 = 0.
We can now express the sum of the gauge fixing term and the ghost term
as
Lgf + Lgh =
∫
d2 θ s
[
fABCDcAB
(
DaΓaCD −
α
2
bCD
)]
. (15)
In fact, the invariance of the total Lagrangian density follows from the nilpo-
tency of the BRST transformations. This is because Lgh + Lgf can be ex-
pressed as a total BRST variation and hence the action of s on Lgh + Lgf
vanishes. The BRST variation of the original theory is the gauge transfor-
mation with gauge fields replaced by ghosts or anti-ghosts, respectively,
sLc + sLgh + sLgf = 0. (16)
4 FFBRST Transformation
In this section, we construct the FFBRST transformations for the BLG
theory. In order to do that we first define Φi(x, κ) = ΦiAB(x, κ)TATB, where
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ΦiAB = (ΓABa , c
AB , cAB , bAB), here all the fields depend on some parameter,
κ : 0 ≤ κ ≤ 1, in such a manner that Φi(x, 0) are the initial fields and
Φi(x, 1) are the transformed field. Now, we also define Θ[Φ] as a functional
with odd Grassmann parity. This can obtained from a infinitesimal field
dependent parameter through the following relation
Θ[Φ(x)] = ǫ[Φ(x)]
expF [Φ(x)]− 1
F [Φ(x)]
, (17)
where
F =
δǫ[Φ(x)]
δΓa(x)
sΓa(x)+
δǫ[Φ(x)]
δc(x)
sc(x)+
δǫ[Φ(x)]
δc(x)
sc(x)+
δǫ[Φ(x)]
δb(x)
sb(x). (18)
Now, the infinitesimal parameter in the BRST transformation is made field
dependent and hence the BRST transformation can be written as
d
dκ
Φi(x, κ) = sΦi(x, κ) ǫ[Φ(x, κ)], (19)
where ǫ[Φ(x, κ)] is an infinitesimal field dependent parameter. By integrat-
ing these equations from κ = 0 to κ = 1, it has been shown that the Φi(x, 1)
are related to Φi(x, 0) by the FFBRST transformation as
Φi(x, 1) = Φi(x, 0) + sΦi(x, 0)Θ[Φ(x)], (20)
Thus, we can write explicitly the FFBRST transformation for the BLG
theory as
f ΓABa = [∇ac]
ABΘ, f cAB = −
1
2
C
CD,EF
AB cCDcEFΘ,
f cAB = bABΘ, f bAB = 0,
f XIA = icABXIBΘ, f X
IA† = −iXI†B c
ABΘ. (21)
The FFBRST transformation is symmetry of the action SBLG only but not
of the generating functional as the Jacobian for path integral measure in
the expression of generating functional is not invariant under it. Under FF-
BRST transformation Jacobian changes as DΦi = J [Φ(κ)]DΦi(κ). It has
been shown that this nontrivial Jacobian can be replaced within the func-
tional integral as
J [Φ(κ)]→ eiS1[Φ(κ)], (22)
where S1[Φ(κ)] is some local functional of Φ
i. The condition for existence
of S1 is
∫
d3xd2θ
[
1
J(κ)
dJ(κ)
dκ
− i
dS1
dκ
]
= 0. (23)
6
To calculate the infinitesimal change in Jacobian we use the following ex-
pression,
1
J(κ)
dJ(κ)
dκ
= −
∫
d3xd2θ
[
sΓa(x)
δǫ[Φ(x, k)]
δΓa(x, k)
− sc(x, k)
δǫ[Φ(x)]
δc(x, k)
−sc(x, k)
δǫ[Φ(x, k)]
δc(x, k)
+ sb(x, k)
δǫ[Φ(x, k)]
δb(x, k)
]
. (24)
5 Relating Different Gauges
In this section, we show explicitly that how FFBRST transformation can
be used to analyse the BLG theory in two different gauges. It is possible
to take different gauges for the BLG theory. For example, we can take a
non-linear gauge in the BLG theory, which is similar to a non-linear gauge
in Yang-Mills theories. The sum of the gauge fixing and ghost terms for this
non-linear gauge can be written as
Lgh + Lgf =
∫
d2 θ fABMN [[bABD
aΓaMN
+
α
2
bABbMN +
1
2
cABD
a∇acMN
+
1
8
C
CD,EF
AB C
IJ,KL
MN cCDcEF cIJcKL
]
. (25)
The non-linear BRST transformation are now given by
s cAB = bAB −
1
2
C
CD,EF
AB cCDcEF ,
sΓABa = [∇ac]
AB ,
s bAB = −
1
2
C
CD,EF
AB cCDbEF −
1
8
C
CD,EF
AB C
LM,NP
EF cCDcLMcNP ,
s cAB = −
1
2
C
CD,EF
AB cCDcEF ,
sXIA = icABXIB ,
sXIA† = −iXI†B c
AB . (26)
Just like in the linear case here again we can show that these transformations
are nilpotent, s2 = 0. The non-linear finite BRST transformations are given
by
f cAB = bABΘ−
1
2
C
CD,EF
AB cCDcEFΘ,
f ΓABa = [∇ac]
ABΘ,
f bAB = −
1
2
C
CD,EF
AB cCDbEFΘ−
1
8
C
CD,EF
AB C
LM,NP
EF cCDcLMcNPΘ,
f cAB = −
1
2
C
CD,EF
AB cCDcEFΘ,
7
f XIA = icABXIBΘ,
f XIA† = −iXI†B c
ABΘ. (27)
Let the linear and the non-linear gauges be represented by GAB1 [Γ] and
GAB2 [Γ] and let (sG1)
AB and (sG2)
AB be the linear BRST and non-linear
BRST transformations of these gauge fixing conditions, respectively. The
infinitesimal field dependent BRST parameter is now chosen to be
ǫ[Φ] = iγ
∫
d3xd2θ
[
fABCDc¯AB (GCD1 −GCD2)
]
, (28)
where γ is an arbitrary constant parameter. Using expression for the change
in Jacobian for this ǫ[Φ] is calculated as
1
J
dJ
dκ
= iγ
∫
d3xd2θ fABCD [bABGCD1 − bABGCD2
− (sGCD1 − sGCD2)c¯AB ] ,
= iγ
∫
d3xd2θ fABCD [bABGCD1 − bABGCD2
+ c¯AB(sGCD1 − sGCD2)] . (29)
Now, an ansatz for S1,
S1 =
∫
d3xd2θ fABCD[ξ1(κ)bABGCD1 + ξ2(κ)bABGCD2
+ξ3(κ)cABsGCD1 + ξ4(κ)cABsGCD2], (30)
where arbitrary parameters (ξi(i = 1, 2, 3, 4)) and all fields (b
a,Γa, ca, c¯a)
depend on κ. The parameters ξi(κ) also satisfy the following initial boundary
condition
ξi(κ = 0) = 0. (31)
Therefore, using Eq. (19) the differentiation of the above equation w. r. to
κ gives
dS1
dκ
=
∫
d3xd2θ fABCD[ξ′1bABGCD1 + ξ1bABsGCD1ǫ+ ξ
′
2bABGCD2
+ ξ2bABsGCD2ǫ+ ξ
′
3cABsGCD1 − ξ3bABsGCD1ǫ
+ ξ′4cABsGCD2 − ξ4bABsGCD2ǫ],
=
∫
d3xd2θ fABCD[ξ′1bABGCD1 + ξ
′
2bABGCS2
+ ξ′3cABsGCD1 + ξ
′
4cABsGCD2
+ (ξ1 − ξ3)bABsGCD1ǫ+ (ξ2 − ξ4)bABsGCD2ǫ]. (32)
To write the Jacobian J → eiS1 the following condition (as mentioned in
Eq. (23)) is to be satisfied,∫
d3xd2θ
[
fABCD[(ξ′1 − γ)bABGCD1 + (ξ
′
2 + γ)bABGCD2
+(ξ′3 − γ)cABsGCD1 + (ξ
′
4 + γ)cABsGCD2
+(ξ1 − ξ3)bABsGCD1ǫ+ (ξ2 − ξ4)bABsGCD2ǫ] = 0. (33)
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Thus, we get ξ′1 − γ = 0, ξ
′
2 + γ = 0, ξ
′
3 − γ = 0, ξ
′
4 + γ = 0, ξ1 − ξ3 =
0, ξ2 − ξ4 = 0, on equating the coeffiecients of the above expression. The
solutions of above equations satisfying initial condition given in Eq. (31) for
γ = 1 are
ξ1 = κ, ξ2 = −κ, ξ3 = κ, ξ4 = −κ. (34)
Now, by adding S1(κ = 1) to the original action having gauge condition
GCD2 and corresponding ghost term, we get the finial action in other gauge
GCD1 as Sf = SBLG + S1. Thus we see that, Z transforms under FFBRST
transformations to
Zf =
∫
DΓDcDc¯Db eiSf , (35)
which is nothing but the generating functional for BLG theory in other
gauge GCD1. This connection is also true for reverse manner i.e. when one
starts the theory with gauge condition GCD1 and then FFBRST formulation
changes the theory in the gauge condition GCD2 with appropriate ghost
terms.
Thus, the FFBRST formulation can be used to analyse the BLG theory
in two different gauges.
6 Conclusion
In this paper we have analysed the BLG theory in N = 1 superspace formal-
ism. As theory had gauge degrees of freedom, we fixed a gauge to quantize it.
This gauge fixing condition was incorporated at a quantum level by adding
gauge fixing and ghost terms to the original classical Lagrangian. The new
effective Lagrangian thus obtained was invariant under a new set of transfor-
mations called the BRST transformations. We explicitly wrote the BRST
transformations for the BLG theory. These BRST transformations were
integrated out to construct the FFBRST transformations. These transfor-
mations were constructed by constructing a functional with odd Grassmann
parity on the gauge, ghosts, anti-ghosts and auxiliary fields. It did not de-
pend on spacetime explicitly. FFBRST transformations were also found to
be the symmetry of the effective action. However, FFBRST transformations
did not leave the path integral measure invariant thus were shown to con-
nect the generating functionals of two different effective field theories with
suitable choice of the finite field dependent parameter.
It is known that for gauge theories in non-linear gauge the effective La-
grangian is invariant under a larger algebra called Nakanishi-Ojima algebra
[17]. It is also known that this algebra is broken by ghost condensation
[33, 34]. It will be interesting to analyse the existence of Nakanishi-Ojima
algebra and its subsequent breaking in the BLG theory. It may be noted
that even for regular Yang-Mills theories the FFBRST for non-linear gauges
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have not been analysed before. It will be interesting to analyse the FF-
BRST transformation for both regular Yang-Mills theory and the BLG the-
ory, when the Nakanishi-Ojima algebra is broken by ghost condensation.
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